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The paper establishes a complete characterization of inefficient programs in an aggregative
model of economic growth. The main theorem states that a feasible program, satisfying a
smoothness condition, is inefficient if and only if (2) the sequence of the value of input is
bounded away from zero, and (b) the sequence of the ratio of the share of the primary factor in
output to the value of input deteriorates too fast. The unifying nature of this result is established
by showing that the well-known characterizations of inefficiency, in the literature, are corollaries
of the main theorem.

1. Introduction

In recent years, there have been a number of important contributions
toward resolving the following question: what observable characteristic of a
growth program signals inefficiency?

The results seem to indicate that the answer depends on the type of
technology set which generates these growth programs. Thus, even in the
simplest one-good model of growth [where the gross-output function f
satisfies f(0)=0; fis strictly increasing; f is concave; f is differentiable], there
is a diversity of criteria for testing the inefficiency of a program, depending
on the conditions that f satisfies, in addition to the basic ones stated above.

I will summarize below the most important of these results.! For this

*This paper owes more to David Cass, than can possibly be acknowledged in a footnote.
However, I should, at least, mention that, without his helpful suggestions, and detailed
comments on an earlier version, I could not have hoped to solve the problem to my satisfaction.
I have also gained immensely from discussions with Mukul Majumdar, and from suggestions of
two referees. This research was partially supported by National Science Foundation Grant
SOC76-14342 to Cornell University.

'"Many of these results have been generalized, in some form, to many-good cases. McFadden’s
result has been extended to a simple polyhedral model in Majumdar (1974), and to the case of a
convex cone, with output substitution, in Majumdar, Mitra and McFadden (1976). Similarly, the
result of Cass has been generalized to many capital goods (and one consumption good) in Cass
(1972b), and to many consumption goods in Mitra (1976). The Benveniste-Gale criteria has
been generalized to a multi-sectoral case in Benveniste (1976a).
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purpose, I shall say that a sequence («,) of positive numbers is bounded away
from zero if inf,,,0,>0. Also, a sequence (8,) of non-negative numbers will
be said to deteriorate too fast if Y=o f,< 0.

(1) McFadden (1967) has shown that when f is linear in x (i.c., f(x)y=dx;
d>0), inefficiency of a feasible program can be identified with the condition
that the sequence of the value of input? is bounded away from zero. (2) Cass
(1972a) shows that when f is twice continuously differentiable, strictly
concave (with f”<0) and satisfies the end-point conditions: 0<f' (o)<l
<f'(x)<oo for some x>0, then inefficiency of feasible programs, whose
input levels are bounded away from zero, can be identified with the
condition that the sequence of the reciprocals of the competitive prices,?
associated with the program, deteriorates too fast. (3) Benveniste-Gale (1975)
have shown that when f is twice differentiable, and there are positive
numbers n,N,q,Q, such that n<f'(x),x/f(x)<N, and g<(— f"(x))x?/
f(x)<Q for x>0, then inefficiency of feasible programs is equiva-
lent to the condition that the sequence of the reciprocals of the value of
input deteriorates too fast.* (4) Benveniste (1976b) has shown that when
inf,.q f'(x)>1, (ie., f is ‘strongly productive’), then inefficiency of feasible
programs is equivalent to the condition that the sequence of the value of
input is bounded away from zero.

The main purpose of this paper is to present a unifying criterion of
inefficiency, which is applicable to all the diverse frameworks mentioned
above, and more. The criterion states that a feasible program, satisfying a
‘smoothness condition’ (see Condition S* in section 3) is inefficient if and
only if (a) the sequence of the value of input is bounded away from zero, and
(b) the sequence of the ratio of the share of the primary factor in output® to
the value of input deteriorates too fast. (See Theorem 2 for a precise
statement.%)

The usefulness of this result is demonstrated in section 4 by establishing
each of the above-mentioned results as corollaries of the unifying criterion.

2See section 2 for a definition of this concept.

*See section 2 for a definition of this concept.

“Actually, Benveniste-Gale consider the production functions to be variable over time, and
place these (‘elasticity’) conditions for 0<x<x,, where (x,y,c) is the feasible program whose
inefficiency (or efficiency) is in question. It is clear, from the following sections, that such aspects
can easily be included in the present analysis. However, I have chosen to convey their
contribution in the present form, in the interest of notational simplicity, and a unified
presentation.

>See section 3 for a definition of this concept.

*The idea of combining a positive lower bound on input value, like (a), with an infinite series
criterion, like (b), was introduced by Benveniste (1976b), where the infinite series criterion was
that of Cass (1972a) viz, the reciprocals of the prices deteriorate too fast. However, the theorem
of Benveniste only establishes sufficient conditions for a feasible program to be inefficient, and
these conditions are not the appropriate necessity conditions for inefficiency, as is clear from
section 6.
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The points that are exploited here are that (i) the ‘smoothness condition’ S*
can be verified to hold for the appropriate programs in each of these
different frameworks, and that (i) in the models where inefficiency is
characterized by Condition (a) [as in McFadden (1967) and Benveniste
(1976b)], (a) implies (b); and in the models where inefficiency is characterized
(essentially) by Condition (b) [as in Cass (1972a) and Benveniste-Gale
(1975)], (b) implies (a). ,

The generality of the result is demonstrated in section 6, by showing that
the unifying criterion characterizes inefficiency in a ‘weakly productive case’
[where f'(x)>1 for x>0 and inf,,, f’'(x)=1], which is not covered by any
of the above mentioned frameworks or criteria. It should be mentioned that
the ‘weakly productive case’ is more interesting, than the ‘strongly productive
case’, considered by Benveniste (1976b). This is because the gross-output
function, f, is the sum of depreciated input, and a ‘net-output function’, and
strong productivity implies (even with no depreciation) that the net marginal
productivity of input remains bounded away from zero, as input levels
become infinitely large. Weak productivity allows for the possibility (in the
case of no depreciation) that the net marginal productivity goes to zero, as
input levels go to infinity.

2. The model

Consider a one-good economy with a technology given by a function, f,
from R* to itself. The production possibilities consist of inputs x, and
outputs y= f(x), for x=>0.

The following assumptions on f are maintained throughout:

(A.1) f(0)=0.

(A.2) f is strictly increasing for x> 0.
(A.3) fis concave for x>0.

(A.4) fis differentiable for x>0.

The initial input, x, is considered to be historically given, and positive. A
feasible production program is a sequence (x,y)=(x,, y,+1) satisfying

xo=x, 0<x,<y, for tz=],

f(x)=y,4, for =0. (1)
The consumption program c = (c,) generated by (x, y) is defined by

¢=y,—x(=0) for t=>1. (2)

(x,y,¢) is called a feasible program, it being understood that (x,y) is a
production program, and c is the corresponding consumption program.



88 T. Mitra, Inefficiency in economic growth models

A feasible program (x,)’,¢') dominates a feasible program (x,y,c) if ¢,>c,
for all t>1, and ¢;>¢, for some t. A feasible program (x, y,c) is inefficient if
there is a feasible program (x’,)’,¢’) which dominates it. A feasible program
is called efficient if it is not inefficient.

The competitive price sequence’ p=(p,) associated with a feasible program
(x,y,c) is given by

po=1, pv1=p/f (x,) for t=0. 3)

These are precisely the prices at which intertemporal profits are maximized at
(x, y,¢),

we=p,y f(x,)—PX, =P+ 1S (X)—DeX, x>0, t=0. 4)

The value of input sequence v= (v,) associated with a feasible program (x, y, ¢)
is given by

v,=px, for t=>0. )
A feasible program (x, y,c) is called interior if inf,,x, > 0.
A result which will often be used below is that if a feasible program (x, y,¢)

is inefficient, then x,>0 for t>0, and, hence, p,>0 for t>0. This result is
evident from (A.2)-(A.4).

3. Characterization of inefficiency

3.1. A generalization of the Cass technique

A useful starting point in obtaining a generalization of the Cass technique
is the following characterization of inefficiency, due to Cass (1972, pp. 203~
204).

Lemma 1 (Cass). Under (A.l), (A2), a feasible program (x,y,c) is in-
efficient iff there is a sequence (e,), and oo >t, > 1, such that

O<e <x, for t>t,, ©6)
gr12f(X)—f(x,—&) for t=t. (7)

The following partial characterization can be obtained as a corollary:

"I shall follow the convention that if x,, =0 for some finite ¢,, and f'(0)=co, then p,=0 for
t>t.
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Corollary 1. Under (A.1}-(A.4), if a feasible program (x,y,c) is inefficient,
then

inf p,x,>0. (8)

t=z0

Proof. 1If (x,y,c) is inefficient, then x,>0, and, so, p,>0 for t+=0. By
Lemma 1, it satisfies (6) and (7). Use (A.3), (A.4) to obtain, from (7),

g1 = f'(x)e for tz=t,. 9)

Multiply (9) by p,,; >0, and use (3) to obtain p,, &, 2p. for t=¢;. Thus
p&2p. &, for t=2t;, and, by (6), p,x,2p, ¢, >0 for t=t,. Hence px,
zminfvg, vy, 0, 1, Pr &, ] >0 for t20. |

Lemma 2. Under (A.1)~(A.4), if a feasible program (x, y, c) satisfies

p.x,>0 for t=0, (10)

and
Z (P,C,/p,y, (11)

then (x,y,c) is inefficient.

Proof. For 20, define z,=) 32, (P;+1Cs+1/Ps+1Vs+1)- Notice, then, that if
z,=0 for some t, then (x, y, ¢) is inefficient by (10). If not, then z,>0 for t=0.
By (11), we can choose T=2, such that z,<% for t=T. Now, define a
sequence (x’,y’,¢’) in the following way: x,=x, for 0<t<T—-1, x;=zx, for
12T, yir1=Y4, for 0Zt£T—1, y, o =f(x;) for 12T, ¢,+1=c,+; for 0=t
ST-2,¢y1=Vis1—X,+1 for t=T—1. Clearly, x,20, y,., =0 for t=0. So,
to check that (x',y',¢’) is feasible, we must show that ¢;, ;=0 for t=0. By
definition, ¢, ;=c, ., 20 for 0Zt<T—-2. For t=T—1, ci,1=y141—X% 41
=Ye+1 = Ze4 1%+ 1> Ver 1 — X4 1 =Cry 1, Using (10). And, for 12T,

Corr=Yie1—Xr1=f (X)) =X 1 =f(2,X) =z, 41X, 41
={f(zx)/(zx )} (2x) = 204 1 %00 1 ZL (/X206 — 21X
=z f (X) = 21X 1 Z (2= Ze4 1 )Viwn
={(Pe+ 16+ 1)/ (Pes Vs D} Ves1=Cort-

Hence, (x',y’,¢’) is feasible. Also, notice that it dominates (x,y,c), which
proves that (x, y,c) is inefficient. ]
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Corollary 2. (A.1)-(A.4), if a feasible program (x, y,c) satisfies
0 > Z ptctg Z p,C{, (12)

for every feasible program (x',y’,c'), then it is efficient and violates (8).

Proof Suppose (x,y,c) satisfies (12), but is inefficient. Then x,>0 for
t20, and p,>0 for t=0. Furthermore, there is a feasible program (x',y’,c")
which dominates it. This violates (12), and establishes that (x, y,c) is efficient.
Suppose, next, that (x,y,c) satisfies (8). Then, by (12), (x,y,c) satisfies (10)
and (11). Hence, by Lemma 2, it is inefficient, a contradiction. So, (x,y,c)
violates (8). |

Corollary 3. Under (A.1}(A.4), if an efficient program (x,y,c) satisfies

18

pic; <0, (13)

r

It

t=1

then it satisfies (12), for every feasible program (x',y’,c’), and violates (8).

Proof 1If (x,y,c) satisfies (13), then, by the corollary to the theorem of
Cass—Yaari (1971, p. 338), (12) is satisfied. By Corollary 2, (x, y,c) violates

@®. 1

Notice that none of these results are complete characterizations of
inefficiency, but they have the advantage that they require only the basic
assumptions (A.1}-(A.4). We finally note another corollary, which turns out
to be helpful in obtaining the main results (Theorems 1 and 2) of this
section.

Corollary 4. Under (A.1}-(A.4), a feasible program (x,y,c) is inefficient if
and only if for every A, such that 0<A<]1, there is a sequence (g}), and
o0 >t,>1, such that

O<el<lix, for t>t, (14)
and

ger1=[(x)—flx,—el) for t=t,. (15)

Proof (Necessity). If (x,y,c) is inefficient, then there is (g,) satisfying (6)
and (7). Let a A be given, satisfying O0<A<1. For any t>t,, if there is a
number 4 satisfying 0 <4< e, < Ax,, then there is a number b, which can be
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well-defined by b= f(x,)— f(x,—d), and which satisfies 0<bh<le, <ix, ;.
To check this, note that d<Jx, implies that b is well-defined, and 5>0 by
(A.2). Also, by (A.3)

fO)—flx—ad)s f(x)=f(x,—7e)
=g, ([ [ (x,)— f (x,—Ag,)]/Ae,}
sedlf (x)— fx—e)]/e}
=ALf (x)— flx,—e )] =46

S0, 0<b=<ie, o1 <Ax 41

Now, let ¢} =lg,, and &}, | =f(x,)—f(x,—¢&/) for t=1,. Then (¢) is a well-
defined sequence, by the above result, and, furthermore, 0 <} <ie < Ax,, for
t>t.

(Sufficiency). If (14) and (15) are satisfied for A=1, then (6) and (7) are
satisfied for the sequence (¢!). Hence, by Lemma 1, {x, y,¢) is inefficient. §

Corollary 4 is useful, since it enables one to restrict attention to ‘small
input decrements’, (¢}), in searching for necessary and sufficient conditions
that (6), (7) have a solution.

The general procedure for characterizing feasible programs which admit a
solution to (6), (7) is to put sufficient additional structure on f so that {(f(x)
— f{x—eg))/e} for 0<e<lx, (where 0<A<1), can be approximated in terms
of a separable function of x and ¢ To this end, rearrange (15) in the
following way for t > ¢, (given any 4, such that 0<A1<1),

f(xt)—f(xt—gf‘) _1
el f'(x,) ’

& =f(x,)—f(xt—ﬁf)=f'(x,)ﬁf[1 +{
(16)

and consider the following ‘smoothness condition’ on the feasible program
(x, y,¢).

Condition S. For some 0<m<M <o0, N<coo, and 0<A <1, there exists a
Sunction p(x) for x =0, such that ’
(a) 0<u(x,)<N for x,>0, t=0,
and

&)= flx—e)

(b) meu(x,)/x, < - —1<Meu(x,)/x, for O<e<ix, t=0.
ef’(x,)

- We can now state:
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Theorem 1. Under (A.1}-(A.4), a feasible program (x,y,c) satisfying
Condition S, is inefficient if and only if

inf p,x, >0, (8)
120

and
Y, Lulx)/pex]< 0. (17)
s=0 R

Proof (Necessity). By Corollary 1, (8) is satisfied. To show that (17) is
satisfied, we proceed as follows. Let 0<i<1 be given by Condition S. By
Corollary 4, there is (¢}) satisfying (14) and (15). Write (15) in the form (16),
and perform the following operations on (16) for t=¢, (noting that x,>0,
and p,>0, for t>0). Take reciprocals, and multiply through by (1/p,+,) to

get
_ A
(Uprs sy 1) = (Unaf){l/[l +{f(%fi(‘;‘)—”_ 1}]}

Use the left-hand inequality in Condition S(b) to get
P ) (L1 + {metu(x,)/x}]).
Rewritethe right-hand factor as a difference

{mﬂ(xx)/x:} &
1+ {mefu(x,)/x} |

(1/pis18h 1)< (1/17:53)\:(1/8?)—

Use Condition S(a) and &} < x, to obtain

(1/pe+ 1884 1) < (Up)L(1/e1) = {mu(x,)/x,(1+mN)}].
Simplify the above expression

(1/pi+ 168 ) < (U/pied) — [m/ (1 +mN )1 (x,)/p.x,).-

Sum both sides of the inequality and cancel common terms® to get

(Upes 188 1)< (1/p, el )= [m/(L+mN)T ¥ [ux,)/pexs]- (18)

s=ty

8This refinement of the original Cass argument (1972a) is due to Benveniste and Gale (1975).
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Now, note that for (18) to be consistent with *>0, for t>t, requires that
(17) 1s satisfied. .

(Sufficiency). Since (8) is satisfied, x,>0, and p,>0 for t>0. Let inf,,p,X,
=6>0, and Y 2, [u(x,)/px,]=Z < 0. Let 0<A<1 be given by Condition S.
Now, define a sequence (3,) in the following way. Let

0o =min(%/pOZM: A0/4po),

and

(1/Pi+10:4+1)=(1/podo)— M Z Lu(x,)/px,)] for t=0. (19)

s=0
Then,
0<d,<ix, for t=0. (20)

To check the left-hand inequality in (20), note that §,>0. Also, from (19),
we have (1/p,4,6,+1)=(1/2pyd,), so that p,,8,,,>0 for t>0. Hence §,,,
>0 for t =0.

To verify the right hand inequality in (20), note that (1/p,,,5,.,)
2(1/podo) ~MZ=(1/50) —MZ =(1/260)+(1/26,)—MZ. Now, since J,
S1/2pgZM =1/2ZM, so (1/20,)2MZ. Hence, we have (1/p,, 16,5 ,)=(1/25,),
1€, P410,415240/4py=A8/2<AdSAp,1X,+1, by definition of § and J,.
Since p,>0 for 120, so 8,4+, <Ax,,, for t=0. Also, clearly, §,<1/4p, so
that pyd, £ A6/4 <Ad < Apyx,. Hence, §y < Ax,.

Now from (19), we get

(l/pl+ 161+ 1): (1/[),5,)'— M[ﬂ(xt)/ptxt]
= (l/p!)[(l/ét)_ {M:u(xt)/xt}]

Mpu(x,)/x,
1+ {Mpu(x,)8,/x}

<(1/6)—

= (1/p)(1/[1 + {M,p(x,)/x,}10,).

Use the right-hand inequality in Condition S(b) to obtain

S(x)—f(x,—9,)
(1/p1+ 15:+1)S(1/P15:)[1/{1+li 5,f’(x,) —1]}}
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Multiply through by p, ., and take reciprocals

’ f(xt)-f(xt_—b‘t)

ie.,

O 1= f(x)—f(x,—9,) for =0. | ‘ (21)
Now, define a sequence (¢,) as follows:

go=0, and ¢&,.,;=f(x)—f(x,—¢) for t>0.

Then, by (20) and (21), 0<¢, <9, <Ax, <x, for t>0.
Thus (¢,) satisfies (6) and (7) for t=0, so (x, y,c) is inefficient. J

3.2. On the choice of the approximating function

The interesting question, in view of Theorem 1, is what to use for the
approximating function, u(x). A reasonable restriction on u would be that it
is ‘observable’; that is, it could be calculated along a feasible program
without knowing the function f itself. This means that it would have to be
some elementary function of x, V.4, 7=f"(x),ppth=f(x)—x.f"(x,) etc,
since it is obvious that these are observable magnitudes.

Cass (1972a) used u(x)=x/f'(x), while Benveniste-Gale (1975) used u(x)
=1. Both choices have ‘end-point’ problems. For example, the choice of Cass
fails for f'(0)=oo, and the choice of Benveniste-Gale fails for f'(0)< 0.
Both choices fail for f’(c0)>1. My own choice in an earlier work was p(x)=
— f"(x)x/f'(x) [see Mitra (1975)], which has the advantage of covering
cases where f'(c0)=>1, but the disadvantage of not being observable.
(Besides, twice continuous differentiability becomes indispensable.) This
choice is however, closely related to the share of the primary factor in
output, which is observable, and which, for reasons that will be evident in
the next section, unifies all the well-known results.® To see the relationship
between the two choices, note that if f is twice continuously differentiable,
then

{f(X)—f(x—S)_ 1}2[—1’"(36)]8 4+ R
ef'(x) 2f'x) ef'(x)

where R is the second-order remainder. This suggests {[ — f"(x)]x/f'(x)} as
a ‘natural’ choice of u(x). But, essentially the same approximation is effected

9This was suggested to me by David Cass, in responée to my earlier work.
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by using W(x) [defined in (22) below] as the choice of u(x). To see this,
note that f(0)~ f(x)=(—x)f"(x)+1f"(x)x*+R, where R is the second-
order remainder. Hence, using (A.1),

FE)=xf'(x)=3[-f"(x)]x*-R,

SO

[l_xf’(x)]zl[—f”(x)]xz_ R
6 172 76
1Sk [f’(x)x} R

2 fix) f) ] fx)

Since f'(x) x/f(x)<1 {see P(ii) in section 4], for production functions
satisfying inf, ., f'(x)x/f{x)>0 [see (BG.2) in section 4, in this connection],
W(x) is ‘essentially’ the same approximating function as [ —f"(x)]x/f"(x).
Also, note that the limit of both choices of u(x), as x—0, is the same, by
I’Hopital’s rule.

Define the share of the primary factor in output as

W(x)=1-[f()x/f(x)] for x>0,
and
Wi(x)=0 for x=0. (22)

Let us choose the approximating function u(x)= W (x) for x>0, and restate
the ‘smoothness condition’ on a feasible program (x, y, ¢) as:

Condition S*. For some 0<m<M < o0, and 0< i<,

meW (x)/x, <{[f (x)~ f(x,—e)l/ef"(x)} — 1

SMeW(x,)/x, for O<e<ix,, t=0.
We can prove, using Theorem 1, the unifying criterion of inefficiency.

Theorem 2. Under (A.1}(A.4), a feasible program (x,y,c) satisfying
Condition S* is inefficient if and only if

inf p,x, >0, (8)

=20
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and

LW (x,)/psxs] < 0. (23)

™8

5=0

Remarks. (1) Condition S* is satisfied by feasible programs generated
by the class of gross-output functions: f(x)=ax*+ bx, where a,b>0, (a+b)
>0, and 0 <a < 1. The importance of this parametric form should be obvious
as it permits both f’(c0)<1, and f'(co)=>1. Condition S is not satisfied, for
Cass’s or Benveniste-Gale’s choices of y, by this class of functions.

To check the validity of the remark, we note, first, that with b>1, f'(c0)
=b>1;and with b<1, f'(c0)=b<1, since f'(x)=aax*"'+b, and aax*" ' -0
as x— o0.

Condition S* is satisfied for A=%,m=u/2, and M =(3)*"'. To check this,
note that for x>0,

e —fx=al] | {ef )+ @)
of (%) of (%)

_—L®k [/ (g)
2 6) . 2f)

<)
Also, for f(x)=ax*+bx, f'(x)x/f(x)=(xax*+bx)/(ax*+bx), and W(x)
= (1 —a)ax?/(ax*+bx). For A=4, note that e<ix=3x implies (x—g)>3x,
ie, x=§>1x. Hence, [— f"(§)]=a(l —a)a§* *Za(l —a)ax*~2, and [— f"(§)]
<a(l—a)ald)y 2x*~2

To check the left-hand inequality of Condition S*, note that

-/ @®x_ a(l—a)ax*"' _ a(l—a)ax*"" _(a) (1 —o)ax”

2 (x) —2[eax* T+b]= 2[ax*"'+b] \2)[ax*+bx]

=g Wi(x)=mW(x).

Hence

/)~ fx=] | _[=/"6)]

&
o (x) =200 <;)ng(x)e/x,

for O<e<ix.
To check the right-hand inequality of Condition S*, note that

[—/"®)] <°‘(1—°‘)a(%)a'2xr1<(%)a_2“(1‘“)axa_l
2f'(x) = 2fLaax* '+b] T 2afax*"'+b]
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By (1 —waxt _

1:1—1
2[ax*+ bx] _<§> W) =MW(x).

Hence,

o) flx—e)) | [—/")x
ef'(x) 2f7(x)

(£> <M W(x)s/x,
X

for O<e <ix.
To check that the choices of u(x) of Cass or Benveniste-Gale do not work
in general for this class of functions, let a=b=1. Then

fe)—flx=e) | _ ~f"(§)s=<1><5>[—f”(§)]x
of (x) 2/ (x)

x) f'(x)
Let 0<A<1 and O0<e<Ax. Then

2

[—f”(§)]x<a(1—oc)(1—M"“Zx“-1
f'x)y = ax® 141

k)

which converges to zero as x— oo, so that with u(x)=1, Condition S* is
violated. Also [—f"(§)]<a(1 —a)(1 —A)*"2x*~2 which converges to zero as
x— 00, so that with u(x)=x/f'(x), Condition S$* is violated.

(2) Note that only the left-hand inequality of Condition S* is required for
the necessity part of Theorem 2, and only the right-hand inequality for the
sufficiency part. This is obvious from the proof of Theorem 1.

An alternative statement of Theorem 2 can be obtained fairly easily. It is
useful, particularly for comparison with the partial characterization result of
Lemma 2.

Corollary 5. Under (A.1)}-(A.4), a feasible program (x,y,c), satisfying
Condition S*, is inefficient if and only if

inf p,x, >0, ®)

1z0

and

d (Pi+1€41) <o (24)

=0 (Pev 1Y+ 1) (Prs 1 X 41) )

Proof (Necessity). If (x,y,c) satisfies Condition S*, and is inefficient, then
by Theorem 2, (8) and (23) are satisfied. Note that for t =20, we have
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Pr+1C+1 =D+ 1Vi+1 — Prv 1 Xe+1:
Dividing through by (p,4 ¥+ 1 ){Prr 1%4+1)s

{(Prs 1€+ )/ Prs 1 Ve 1) Prs 1 Xe+ )}
={1/(p+ 1X:+1)} _{1/(Pz+1Yz+1)}

= {1/(pt+ 1Xr+1 )} - {1/(Ptxt)} + {W(xt)/ptxt}'

Summing from t=0to t=T,
T
2:0{(pt+lct+1)/(pr+1yt+1)(pt+1xt+l)}
T
S{/(Pre1xr+)) + Z {W(x,)/px}
1=0

Hence, by (8) and (23), (24) is satisfied.

(Sufficiency). Suppose (x, y,c) satisfies Condition S*, and (8), (24). By the
calculations used in the necessity part, we have for T 20,

M=

{W(x)/px.}

0

t

T
.__<_{1/(p0x0)} + Z {(pt+lct+1)/(pt+1yt+1)(pt+ 1xr+1)}-

t=0

Hence, using (24), we have (23). By Theorem 2, (x, y, ¢) is inefficient. ]|

4. Four applications

In this section, I shall apply Theorem 2 to establish the theorems of Cass
(1972a), Benveniste-Gale (1975), McFadden (1967), and Benveniste (1976b),
in that order.

In establishing the proofs in this section, and the next, use will be made of
the following properties of f, which hold, under (A.1)-(A.4):

PG) Ifx=zxz0, thenf'(x)< f'(X).
P(ii) For x>0, f'(x)Z f(x)/x.
P(ii) If x=%>0, then [f(x)/x)S[f(x)/X]).
P(i) clearly holds if x=x. If x> X, use (A.3) and (A.4) to obtain f’(x)(x—X)
< f(X)—f(X)< f(X)x —%), which yields f'(x)=f"(¥). P(ii) holds since f(x)
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=f(x)~f(0)= f'(x)x by (A.1), (A.3) and (A.4). P(iii) holds, since by (A.3),
SR =FLEX)x +(1=%/x)0] Z (X/x) f (x) + (1 = %/x) f(0)=(%/x) f(x), by (A.D).
Hence, f (X)/X> f (x)/x.

4.1. The Cass criterion

Cass considers a model in which f satisfies, in addition to (A.1), (A.2), the
following conditions:

(C.1) f(x)is twice continuously differentiable for x=0.

(C.2) f(x) is strictly concave, with f” <0, for x>0.

(C.3) f(x) satisfies the end-point conditions: 0< f'(c0)<1< f'(x)<o0 for
some x>0,

Theorem 3 (Cass). Under (A.1), (A.2), (C.1)(C.3), an interior program
(x, y,c) is inefficient if and only if

_i (1/p;)<co. (25)

Proof. Clearly, (C.1), (C.2) ensure that (A.3), (A.4) are satisfied. We shall
establish that any interior program (x,y,c) satisfies Condition S*. Since
(x,y,¢) is interior and (C.3) holds, so there exist 0 <k<K < oo, such that
k<x,<K for t=0. By (C.1) and (C.2), there are positive numbers h, H,I, L, w
such that for Jk<x<K, h< f'(x)<H, I<— f"(x)<L, and W(x)>Ww. Then,
by choosing A=%, M =KL/2h% and m=kl/2H, Condition S* is satisfied.

To check this, note that

J(x)—f(x,—¢) - 1[-f"8)]e
ef'(x,) 2 fix)

where

x,—eZ£§,£x, (by Taylor’s expansion)= 3 L—;%Jﬁ (x )

Since A=4, and e<Ax, so e<ix, so that(x, —¢)>%x,, and § =1x,2k/2. Also,
§<x, =K, so k/2=§, <K.
Hence, using the bounds on the first and second-derivatives,

= f"6)Ix 1
2 f(x,) 2

IIV

g mW(x,) [since W(x)<1],
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and

1=/"@)x, _1LK _1LK®
2 fix) 2 h =2 hw

SMW(x,).

(Necessity). By Theorem 2, (23) is satisfied. Since (x,y,c) is interior,
W(x,)=W, and (1/x,)> (1/K) for t>0. Hence, (25) is satisfied.

(Sufficiency). Since (x,y,c) is interior, (1/x,)<(1/k), t=0. And, clearly,
Wi(x,)<1, for t=0. So, (25) implies that (23) holds. Also, (25) clearly implies
that (8) holds, since x,>k>0, for t>0. Hence, by Theorem 2, (x,y,c) is
inefficient. ||

4.2. The Benveniste—-Gale criterion

Benveniste—Gale consider a model, in which f satisfies the following
conditions:

(BG.1) f(x) is twice differentiable for x >0.
{BG.2) There are positive numbers 1, N, g, Q such that

n<[fGx/f()I<N;  g<[~f"(x)x*/f(x)]<@ for x=0.

Theorem 4 (Benveniste-Gale). Under (BG.1), (BG.2), a feasible program
(x,y,c) is inefficient if and only if

i (1/p,x,) < c0. (26)
t=0

Proof. Tt can be checked that (BG.1), (BG.2) imply that the assumptions
(A.1)~(A.4) are satisfied. Also, note that 1> W (x)>4q for x>0. To check the
right-hand inequality, note that f(x)=f(x)— f(0)=f"(x)x+3[ - f"(()]x?
{(by Taylor’s expansion), where 0 <{ <x. That is,

_feax 10— f"(0)1%’

BT B R TS

or

W(x)=1[—f"(C)]xzzl[—f”(C)]x>l[—f”(C)](
2 Sy 2 feax] T2 SO0
=1[—f”(C)]CZ§1q
2 f© 27

So Condition S* is satisfied for any feasible program (x,y,c) by choosing
A=%, m=1%q and M =4Q/ng. To check this, note that

[by P(ii)]
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f)=fla—e) _,_1[=f"G)e
ef (x) 2 k)

where

x,—e<£§, S x, (by Taylor’s expansion) =% [——_ff(__ft))]ﬁ (%) .

Since A=1%, and e<ix, so e<ix, so that (x,—¢&)>3x, and §>3x, ie,
§2 >1x2. Hence, using the bounds in (BG.2),

1= @) 101G [1 / {f '(xt)xz}]
2 fx) 2 flx) fx)

<--

1[- f"(§,)]4§3(3>
=2 6 \n

<o (an)s= e o
=2n \nq )27 \nq !

1=/ 6% 1176,
2 ) 22 T

L7618,

and

1 2 tby PG

[by Pii)]

2 f&)
16§18 g1
—>_-§———"——f(§!) %52561 Wix,).

(Necessity). By Theorem 2, (23) is satisfied. Since x,>0 for >0, so
W(x,)=4q, so that (26) holds.

(Sufficiency). (26) implies that (23) is satisfied, since W(x,)<1, for t>0.
Also, (26) clearly implies (8). Hence, by Theorem 2, (x, y,¢) is inefficient. |

4.3, The McFadden result

McFadden considers a simple linear model, where f satisfies

M.1) f(x)=dx for x>0, where d>0.
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Theorem 5 (McFadden). Under (M.1), a feasible program (x,y,c) is in-
efficient iff (8) is satisfied.

Proof. Clearly, (M.1) implies that (A.1)-(A.4) are satisfied. Also, since
W(x)=0 for x>0, any feasible program (x, y, c) satisfies Condition S*, for A
=m=M=1.

(Necessity). By Theorem 2, (8) holds.

(Sufficiency). Since (8) holds, and W(x,)=0 for t>0, so (23) holds also.
By Theorem 2, (x, y, ¢) is inefficient. |

4.4. The Benveniste result

This is the only result in which Theorem 2 is not directly applicable.
However, as we shall see, the same technique of proof (as in Theorem 1) can
be used to establish this result.

Benveniste considers a ‘strongly productive’ model in which f(x) satisfies
(A.1)-(A4), and the following condition:

(B.1) inf f'(x)=d>1.

xz0

Theorem 6 (Benveniste). Under (A.1}-(A4), (B.1), a feasible program
(x,y,c) is inefficient if and only if it satisfies (8).

Proof (Necessity). Qbvious from Corollary 1.

(Sufficiency). Consider the ‘pure accumulation program’ (x,y,¢) given by
X, +1=f(%,) for t=0. Then, there is V <, such that ,x,<V, for t=0. To
check this, note that for (21, (x.,—%)=f)-f(%_)=f(X- )X,
—X,_,). Iterating on this relationship, we have, for

(2 L1 — %) S [T S () (% —%o),
s=0

or

Prot (K1 — %) S (Fy — %o )/ f (%) S (%, —Xo)/d=[f (x)—x]/d=b.
Hence,

Per1%+1 =P 1% +b=[(p,%,)/d]+b.
That is,

Do 1% 1 S[(PoXo)/@ 11+ Y [b/@]1<x+[(ab)/(@—1)] < 0.'°
5=0

'0This was first proved by Beﬂveniste (1976b, p. 340). The proof presented here is slightly
different and slightly shorter.
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Then, since p,<p, for t =0, so we have, for T>1,

T T T =
Z P < Z P = Z ﬁt(cz_c—z)SﬁT’szV'

t=1 =1 t=1

Hence

T
P = lim Z P:<
1 T-w¢=1

Mis

i

exists and

pe. <V

DM

it
—-

Also, note that, for >0,

Per1Ca1 =P 1Lf (%) =% 4 1]
=Per 1S (X)X AP L () = f1 )X T~ prv 1 %44
=P X WP 1 X4y
(where w, denotes p, . [ f(x,)— f'(x.)x,]). Hence
T T
Z Di+1Ci+1 =PoXot+ Z W= DPr+1Xr+1>

t=0 =0

and
T T
Y WE Y PrerCar P11 Xr 4152V,

for T>1. Thus

T
w,=lim ) w,

Mg

t=0 T-0r=0
exists, and
. .
Y ow,<2V.
t=0

"The proof can be completed very briefly from this step, by appealing to Corollary 3. I have
chosen to present a different proof, in the interest of exhibiting the wide applicability of the
technique used in section 3.
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We can now show that (8) implies that (23) is satisfied. Let

inf p,x,=6>0.

t20

Then,

W(xt) = (Wl/pt+ 1f (xr)) < (W.t/plxt)'

Hence,

Zo (W (x)/px) < _ZO [w/ (px,)* 1< (2V]3%) < 0.

Note that, from. above, Y <, W(x,)<oo, so that inf,, o[ f'(x)x,/f(x)]=
6>0. Let t, be chosen such that Z =Z§=,1[W(xs)/ps]s(9/8V), and define a
sequence (9,), where t>1¢,, as follows: é,, =44/p,, and

(l/p,+15,+x)=(1/P:15z,)—(4V/95)i (W (x,)/psx;) for t2t,.

S=L

Then by choosing A=1, and M =(4V/6J), it can be checked that the right-
hand inequality of Condition S* is satisfied, if ¢ is replaced by §,, for t>1t,.!?

121t is simple to check that 0<d, <x, for t>1,. Also since

(/P +16,+1)<(1/p, 9, ),

SO

Pi+10+ 12V (P 8 /V)2 (D O /Y IPrs 1 Xew 1
or,

Sre12(6/4V)%, 4.
Hence,

(x,/8,)<(4V/8) for t=t,.
By concavity of f,
[f(x)=f(x,—8))/6, < f{x)/x, for 1=ty

and hence,

U )= f(xe=03/8.f" (x)] =1 <Lf Ge)/xof ' ()] =1
= LS G )/x f eIV (x,)(8,/%,)(x,/8,)

SO/x)IW (x,)(1/8)(x,/3,)
SAV/88)(3/x )W (x,) = M(3,/x )W (x,).



T. Mitra, Inefficiency in economic growth models 105

Note then that the sufficiency proof of Theorem 1 holds exactly, and there is
a sequence (g), where t>t,, satisfying (6) and (7). Hence, (x,y,c) is
inefficient. |j

5. Two cases where the unifying criterion fails

It is only fair to point out cases where characterization of inefficiency in
terms of (8) and (23) fails. The necessity part fails when the left-hand
inequality of Condition S* is violated, and the sufficiency part fails, when the
right-hand inequality of Condition S* is violated. I shall present below, an
example of each of these possibilities. The examples, by showing cases where
Condition S* fails, also help, to a certain extent, in understanding the
implications of the rather complicated-looking smoothness condition.

Example 1.'3 Let

fx)=2x? for 0<x<1,

fx)=1+x for 1=x£3,

f(x)=(@4/3¥"x3* for x=3.
Then f(x) satisfies (A.1}-(A.4). Consider the feasible program (x,y,c) given
by x,=x=2,y,,,=3 and ¢,, ;=1 for t=0. Then, p,=1 for t=0, and p,x,=2
for t=20. W(x,)=1-x,/(1+x)=1/(1+x,)=1 for t=0. Hence W(x,)/p,x,=%
for t=0, and (23) fails. However, the program (x,y,c) is clearly inefficient,
since (X, J,¢) defined by X;=x=2, %,=1 for t=1; y,=3, 5., =2 for t=1;
é,=2, ,4,=1 for t=1; is feasible, and dominates (x, y,c). Thus, inefficiency,
in this framework, does not imply (23). This is because, here, the left-hand

inequality of Condition S* fails. To check this, pick any 4, such that 0< 11,
and let ¢=1/2. Note that

J(x) =[x —e)=x,—(x,—&)=e=4/2.
Hence,

{Lf )= f (=) Vlef ()]} —1=[4/2}/[4/2] - 1=0 for t20.
Also, note that

(e/x)W (x)=([4/2)/2)(1/6)=4/24 for t=0.

!This is essentially the same example as the one presented in Cass (1972a, p. 222), except that
1 have specified the function f more explicitly.



106 T. Mitra, Inefficiency in economic growth models

Hence, there are no numbers A, m satisfying the left-hand inequality of
Condition S*, for the program (x, y, c).

Example 2. Let

f(x)=2x? for 0<x<£1,
fx)=1+x)—(23)(x—1)>* for 1<x<25/16,
fx)=(5/8)x'2+3/2 for x>25/16.

Then, f(x) satisfies (A.1)-(A.4). Consider the feasible program (x, y,c) given
by xo=x=1, x,=1+Qt+1)2/(t+1)* for t=1; y,.,=f(x,) for t=0, ¢,
=Vi+1 " X+ 1 for ¢t20. Then, f,(x0)= 1 f’(xz)= 1—(x,— 1)1/2 =1-(2t+1)/
(t+1)2=t?/(t+1)* for t=1. Hence, po=1, and p,=t> for t=1. Then, clearly
(8) is satisfied. And, since W(x,)<1 for t=0, and px,=t> for t=1, so

> o (W(x,)/px,)<oo, so (23) is satisfied. However, it can be shown that
(x,y,¢) is efficient, so that, in this framework, (8), (23) do not imply
inefficiency.

To verify the efficiency of (x, y,c), suppose, on the contrary, that (x, y,c) is
inefficient. Then, there is a sequence (¢,) and 1 =<t, < o0, satisfying (6) and (7).
Define x;=x, for 0st<t,. x;=x,—¢ for 12t,; y1=f(x), cls1=yi+1
—X;4+ for t20. Then, (x',y,c’) is feasible, and ¢;=¢, for 1=t<ty, ¢, =¢,,
+¢,,>¢,,, and for

t>t1,c{=f(x,’_1)—x{=f(x,_1—a,_,)——(x,—a,)
=f(X,o1—&-1) —f(x- )+ (x- )= x+e

=—¢g+c+¢=c¢.

It can be checked that for t=3, ¢,,,>1, so that ¢;,,>1 for t=3. Hence,
for t=3, x,>1. Otherwise, if x;<1, for some t=3, then it is impossible to
maintain the consumption level of (x, y,c).!* Thus for

'“To check this, note first that for 0=<x<l, glx)=f(x)—x is strictly increasing in x, sinc_e
g'(x)=f"(x)—-1>0 for 0Zx<1. Also, for 0Sx<1, g(x)<f(1)—1=1. We observe, that (i) if
x,<1 for some £>3, then ¢, =¢,.;>1 implies that x;,, <1. (ii) If x;<1 for some ¢, (say x,=
1—n, n>0), then there is # >0, such that x{,, Sx,—# for all s=¢. To check this, let (f(x;)—x;=
1 —4#. We know that #>0. Then

Xior = )= Car = f () =X =y XS (=)= L+ xi=x — .
Similarly,
Xprz=f (X 1)—Cea= (X4 1) = Xh 1 — €zt X0
SO =X~y + X SA—A) =T+ X =X — 7.
Exactly, the same argument can be repeated for each successive period. (i) and (ii) imply that if
x;<1 for some t>3, then x} <0 for sufficiently large 7, a contradiction to the feasibility of
(X', ¥.c").
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t2t; =max(t;,3), (x,—&)>1,

ie., for
(Qt+1)?
tg[2,8,<x,—l=m.
Hence,
2t+1)?
p,eté(tz)((—t:—l%—ﬁ for t=t,.

Also, using (6) and (A.3),

pr+181+lgpr8r for t;tlv

SO

inf p,g,=0>0.

>
tz1,

Using Taylor’s expansion on (6) for

L2158 4+1 =f(xz)_f(x,*ﬁt)-=f'(X,)8,[l +%%g,}
where

x 2§, <x,.
That is,

- 1L-/"6)]

Prv1841 _ptgtl:l +§ pf (%) p:81]~
Now, since

l<x,—g=§=x,
sO

0<§—1<x,—1 and {1/[2§—D"? ]} =+1)*/[2Q2t+1)).
Hence, '

[—f@]={1/2G - 1"z (+ D[22t +1)].
Thus,

S(t+1) 5
= 14— 1|= 14—
pz+18t+1_p161|: +4t2(2t+1):|_[7,8,|: +4(2t+1):|
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Since ) 2,, 1/(2t+1)=c0, s0 p,g,—0 as t—oco. But this contradicts the fact
that p,e, <4 for t >1t,. Hence (x, y, c) is efficient.

The problem, in this framework, is that the right-hand inequality of
Condition S* fails. To check this, suppose the right-hand inequality is met
for some A, M satisfying 0<1<1, 0<M < c0. Then, choosing ¢ = Ax,/8t* for
t=1, we have, for t = 1.

FO)=Fla—r) | _1I=SCN 1S G 5 Wix)
ef (x) 2 S 2 ) x W)

_1[—f,,(Ct)]xt fi

&
=3 W) x, O =M'{x’ W(’")}'

t

Since 0 <¢g, <Ax,, s0O
M,sM.

However, since

A 1
xlgCtgxg_st::xt(l—'8—t2~>gxt<1_§.17)
@t+1) 1 { )
B FUPCAL I | PRI PN UL R
[ Ternr | e E e e 7

SO
0<(,—D=(x,—1),
and

a1 (E+1)>  (+1y
[-f (C')]_Z(C,—l)l/z gZ(x‘—1)1/2_2(2t+1)'

Since x, =1, f'(x,)<1, and W(x,)<1, so

(t+1)?
> e
M‘=4(2t+1)'

Thus, M,—» o as t—o0, and M,SM <o is contradicted. Thus, the right-
hand inequality of Condition S* is violated, in this framework, for the
feasible program (x, y,c).
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6. Remarks on characterizing inefficiency in a weakly productive case

I shall discuss here an example of a technology for which none of the
criteria, proposed so far in the literature, suffice to identify inefficiency.
However, Theorem 2 does provide a complete characterization of inefficiency
for this case.

Consider f(x)=x*+x, for x=0(0<a<1). If (1), {2) are considered to be
derived from the standard Neo-classical growth equation (x,y,c¢ are in-
terpreted as per worker capital, gross-output, and consumption, respectively,
and f a gross-output function), then this parametric form arises if the net-
output function (defined on capital and labor inputs) is Cobb-Douglas, labor
force is stationary and capital is fully durable.

Clearly, f{x) satisfies (A.1}(A.4). Also, recall from Remark 1 following
Theorem 2, that feasible programs generated by f satisfy Condition S*. Hence
inefficiency of any feasible program can be completely characterized by
Theorem 2, i.e., by (8) and (23).

However, none of the three proposed criteria in the literature can identify
inefficiency as the following examples demonstrate.

(i) Consider the feasible program (X, 7,é) given by x,=1, X,,,=f%,) for
t=0. This program is clearly inefficient. However, since f'(X,)>1 for >0,
Yo (l/p)— %, as T— x, and (25) fails.

(i1) Consider the same program as in (i). Then, for >0, we have

(XH-Z_)EH-I):f()ZH—1)_f(xt)sf,(xy)(xz+l —21)
By iteration,
t
K2 =% )S ]S/ F)(F = %)= (R = %o )Byv1-
Hence,
X1 2 <X + (X —X0)/ P15

and by iteration on this step,

1

X2 <X+ Z [(x1 —%0)/Ps+11;
s=0

Prv2Xic 2Py 2 X + (X, —X)(t+ 1)<t +3.
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Hence,

M~

(1/p%,)— o0, as T— o0,

Il

1=0

and (26) fails.

(iii) Consider the feasible program (x,y,c) given by x,=1, and x,,,
= f'(x,)x, for t>0. Then p,x,=1 for t>0. And

Wix)=(—a)/(1+x "> (1—a)/x; "

Now,

(1/x}"*)> o0 as T—o0.

M~

il
<

Otherwise, if

(1/x;~*)< 0,

™=

t=0

then using the fact that
Xr+1 =f,(xt)xt= (ocxf‘ ! + 1)thX:[1 + ((X/Xrl_a)]a

we have,

t

Xpr 1= [ xo[ 1+ (a/x; ")) < 0.

s=0

Then, there is >0, such that f'(x,)= (14 ) for t>0, and p,x,—»0 as t—0, a
contradiction. Hence, Y _, (1/x! "*)— o0 as T—oo, and so Yo Wi(x,)— o0,
as T—oo. Thus, (23) is violated (since p,x,=1 for ¢>0), and (x,y,c) is
efficient. However, (8) is satisfied. Hence (8) fails to identify inefficiency.
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